The variational formulations of guiding-center Vlasov-Maxwell theory based on Lagrange, Euler, and Euler-Poincaré variational principles are presented. Each variational principle yields a different approach to deriving guiding-center polarization and magnetization effects into the guiding-center Maxwell equations. The conservation laws of energy, momentum, and angular momentum are also derived by Noether method, where the guiding-center stress tensor is now shown to be explicitly symmetric.
The guiding-center formulation of charged-particle dynamics in nonuniform magnetized plasmas represents one of the most important paradigms in plasma physics. In particular, the Hamiltonian structure of single-particle guiding-center dynamics has proved tremendously useful [1] in the theoretical and numerical analysis of magnetically-confined plasmas. Because of the recent development of variational integration numerical techniques [2, 3, 4, 5, 6] , it is the primary purpose of the present paper to investigate the variational structures of the guiding-center Vlasov-Maxwell equations.
The guiding-center Vlasov-Maxwell equations describe the coupled time evolution of the guiding-center Vlasov distribution function f µ (X, p , t), and the electromagnetic fields E(x, t) and B(x, t). Here, X denotes the guiding-center position, while x denotes the field position, p denotes the parallel guiding-center (kinetic) momentum, µ denotes the guiding-center magnetic moment (which is a guiding-center invariant), and the guidingcenter gyroangle θ (which is canonically conjugate to the guiding-center gyroaction µ B/Ω) is an ignorable coordinate [1] (i.e., ∂f µ /∂θ ≡ 0). The reduced guiding-center phase space is, therefore, four dimensional with coordinates z a ≡ (X, p ), and µ appears as a label on the guiding-center Vlasov distribution function f µ (z, t).
In contrast to the drift-kinetic [7] and gyrokinetic [8] Vlasov-Maxwell equations, the fields E(x, t) and B(x, t) appearing here are not separated into a timeindependent background magnetic field B 0 (x) and timedependent electromagnetic field perturbations E 1 (x, t) and B 1 (x, t) that satisfy separate space-time orderings from the background magnetic field B 0 (x). Instead, all Vlasov-Maxwell fields (f µ , E, B) obey the same spacetime orderings in which their time dependence is slow compared to the fast gyrofrequency Ω = eB/mc of each particle species (with mass m and charge e), i.e., Ω −1 ∂ ln B/∂t ≡ 1, while their weak spatial dependence guarantees the validity of a guiding-center Hamiltonian representation of charged-particle dynamics [1] .
Moreover, in contrast to previous guiding-center Vlasov-Maxwell theories [9, 10, 11, 12] , our work does not introduce a transformation to a frame of reference drifting with the E × B velocity. Hence, the guiding-center symplectic structure and the guiding-center Hamiltonian do not acquire an explicit dependence on the electric field E and, thus, the standard polarization does not appear explicitly in our work. As we shall see, however, the guiding-center polarization does appear as the standard moving electric-dipole contribution to the guiding-center magnetization. It is one of the purposes of this paper to show how this moving-dipole contribution emerges naturally from the variational structure of the guiding-center Maxwell-Vlasov system.
A. Guiding-center Vlasov equation
The guiding-center Vlasov equation for the Vlasov distribution function f µ (z, t) is expressed as
where summation over repeated indices is implied and the guiding-center equations of motion [13] :
are expressed in terms of the guiding-center potentials
from which we define the guiding-center fields
Here, we note that, in accordance with the standard guiding-center ordering [1] , the magnitude of the parallel component of the guidingcenter electric field |E * | ≡ |E * · b| = |E − µ b · ∇B| is ordered at first order in , while the perpendicular components |E * ⊥ | ≡ |E * × b| are allowed to be of order unity. Moreover, while the denominator B * in Eqs. (2)- (3) is assumed not to vanish in standard guidiing-center theory [1] , a regularized version of guiding-center theory [11, 12] can be constructed when considering conditions that violate that assumption.
The guiding-center electromagnetic fields (5)- (6) satisfy the source-free guiding-center Maxwell equations
which follow from the regular source-free Maxwell equations. Moreover, the guiding-center equations of motion (2)-(3) satisfy the guiding-center Liouville equation
where we used Eq. (8) as well as the identity ∂B * /∂p ≡ (c/e) ∇ × b. Hence, using the guiding-center Liouville equation (9), we can write the guiding-center Vlasov equation (1) in divergence form as
where the guiding-center Vlasov phase-space density
is defined in terms of the guiding-center Vlasov function f µ and the guiding-center Jacobian mB * [14] .
B. Guiding-center Maxwell equations
The source-free Maxwell equations (7)- (8) are complemented by the guiding-center Maxwell equations
where the guiding-center charge and current densities
are expressed as moments of the guiding-center Vlasov phase-space density F µ . Here, the notation Σ µ ≡ dµ includes a summation over particle species and an integration over the magnetic-moment label. We note that the guiding-center Maxwell equations (12)- (13) imply that the guiding-center charge and current densities (14) satisfy the guiding-center charge conservation law
The guiding-center magnetization current density c ∇ × M gc in Eq. (13) is defined in terms of the guidingcenter magnetization [15, 16] 
which is expressed as the sum of an intrinsic contribution due to the magnetic-dipole moment µ gc and a moving electric-dipole contribution due to the guiding-center electric-dipole moment π gc , where [17, 18] 
As mentioned above, we are using a formulation of guiding-center Vlasov-Maxwell theory where the guidingcenter polarization current is absent and the guidingcenter polarization enters only as a contribution to the guiding-center magnetization (15).
C. Organization
We now show that the guiding-center Vlasov-Maxwell equations (1) and (12)-(13) possess Lagrange, Euler, and Euler-Poincaré variational formulations. The reader is invited to consult Newcomb's pioneering work [19] , as well as review papers by Morrison [20, 21] , to review the Lagrangian and Eulerian formulations of classical mechanics as applied to plasma physics. An extended version of the present paper can be found in Ref. [22] .
The remainder of this paper is organized as follows. In Sec. II, the Lagrange variational principle for the guidingcenter Vlasov-Maxwell equations is presented, based on the standard Low-Lagrangian formalism [23, 24, 25, 26, 27] involving a Hamilton-Maxwell action functional. The variational fields in the guiding-center Hamilton-Maxwell action functional are the guiding-center phase-space coordinates z and their "velocities" dz/dt, which appear in the guiding-center Hamilton action functional, with the electromagnetic fields (E, B) appearing in both the Hamilton and Maxwell action functionals.
In Sec. III, the Euler variational principle for the guiding-center Vlasov-Maxwell equations is presented, based on the standard Eulerian formalism [28] involving a Vlasov-Maxwell action functional that depends on the variational fields (F µ , E, B), where F µ denotes the extended Vlasov phase-space distribution. While the intrinsic magnetic-dipole term (16) still appears through the variation of the Hamiltonian with respect to the magnetic field, the moving electric-dipole term (17) appears through the variation of the Vlasov distribution.
In Sec. IV, we derive the energy-momentum conservation laws for the guiding-center Vlasov-Maxwell equations based on the guiding-center Noether equation derived from the Eulerian variational principle presented in Sec. III. Here, we show how the moving electric dipolemoment term (17) contributes to the conservation of energy and momentum. Lastly, in Sec. V, the EulerPoincaré variational formulation of the guiding-center Vlasov-Maxwell equations is presented, along with its Kelvin-Noether conservation laws recovering the symplectic features of the guiding-center dynamics.
II. LAGRANGE VARIATIONAL PRINCIPLE
The Lagrangian formulation of guiding-center dynamics is expressed in terms of a Lagrangian path
in four-dimensional reduced guiding-center phase space, which is uniquely defined by the labels (z 0 , µ) represented by the initial phase-space position z 0 = (X 0 , p 0 ) ≡ z(0; z 0 , µ) and the magnetic-moment invariant µ. A Lagrangian "velocity"ż ≡ ∂z/∂t is also defined along each Lagrangian path z(t; z 0 , µ), which can then be used to form an eight-dimensional guiding-center phase space, with coordinates (z,ż) labeled by (z 0 , µ). The phase-space Lagrangian variational principle for the guiding-center Vlasov-Maxwell equations (1) and (12)- (13) is based on the guiding-center HamiltonMaxwell functional [25, 26] 
where the guiding-center Lagrangian
is expressed in terms of an average over the initial conditions (z 0 , µ), with an initial phase-space density F 0 (z 0 , µ), of the guiding-center single-particle phasespace Lagrangian [13] 
The guiding-center Lagrangian (21) depends on the electromagnetic potentials (Φ, A), which yields the guidingcenter charge and current densities (14) through the derivatives ∂Λ gc /∂Φ and ∂Λ gc /∂A, respectively. In addition, the explicit dependence of the guiding-center Lagrangian (21) on the magnetic field B, through the definitions (4) for (Φ * , A * ), yields the guiding-center dipole contributions (16)- (17) to the guiding-center magnetization (15) .
A. Guiding-center Vlasov equation
We first derive the guiding-center equations of motion (2)- (3) for the guiding-center position X and the guidingcenter parallel momentum p from the Lagrangian (21) as Euler-Lagrange equations. These guiding-center equations of motion are then used as the characteristics of the guiding-center Vlasov equation (1) for the guiding-center Vlasov function f µ (z(t; z 0 , µ), t).
From Eq. (21), we derive the guiding-center EulerLagrange equations d(∂Λ gc /∂ż a )/dt = ∂Λ gc /∂z a , from which we derive expressionsż a = (Ẋ,ṗ ) for the characteristics of the guiding-center Vlasov equation (1) . The Euler-Lagrange equation associated with variations δX is derived from Eq. (21) as
where ∇ is evaluated at constant p and (Ẋ,ṗ ). Next, since the guiding-center Lagrangian (21) is independent ofṗ , the Euler-Lagrange equation associated with variations δp is simply expressed as the Lagrangian constraint equation
By taking the cross product of the Euler-Lagrange equation (22) with b, and using the constraint (23), we obtain the expression (2) forẊ = d gc X/dt. By taking the dot product of Eq. (22) with B * , on the other hand, we obtain the expression (3) forṗ = d gc p /dt. Hence, the Lagrangian guiding-center variational principle establishes a connection between the Lagrangian velocitiesż = (Ẋ,ṗ ) and their Eulerian counterparts
B. Guiding-center Maxwell equations
The variation of the guiding-center HamiltonMaxwell action functional (19) with respect to the electromagnetic-field variations yields
where we introduced the "macroscopic" magnetic field
and the guiding-center charge and current densities
The guiding-center magnetization (15), on the other hand, is defined in terms of the guiding-center La-
yields the guiding-center intrinsic magnetic and movingelectric dipole contributions (16)- (17) . We now express the variation (24) solely in terms of the variations (δΦ, δA), which amounts to using the electromagnetic constraints
which guarantee that the source-free Maxwell equations (7)- (8) are preserved. The constraints (28) are equivalent to stating that the variation of the Faraday tensor δF is closed dδF = 0, which implies that δF ≡ dδA is an exact space-time two-form, where δA ≡ δA · dx − δΦ c dt.
If we now substitute Eq. (28) into the action-functional variation (24) , we obtain
where an exact space-time derivative, which is not shown here, vanishes upon integration. Stationarity of the guiding-center Hamilton-Maxwell action functional with respect to arbitrary variations (δΦ, δA) yields the guiding-center Maxwell equations (12)- (13).
III. EULER VARIATIONAL PRINCIPLE
The Eulerian representation of guiding-center particle dynamics replaces the Lagrangian guiding-center coordinates (18) with fixed Eulerian guiding-center coordinates ζ a ≡ (X, p ), with the magnetic moment µ once again acting as a label. Since a unique Lagrangian path z(t; z 0 , µ) passes through each Eulerian point ζ in guiding-center phase space, there is a one-to-one mapping between the Lagrangian and Eulerian coordinates.
The Eulerian variational principle for the guidingcenter Vlasov-Maxwell equations is based on the guidingcenter Vlasov-Maxwell action functional [28] 
where the Eulerian fields F µ and H depend on the phase-space coordinates (Z α ; µ) ≡ (X, p , w, t; µ) in extended (6 + 1)-dimensional guiding-center phase space, which include the guiding-center Eulerian coordinates ζ a ≡ (X, p ) and the canonically-conjugate energy-time coordinates (w, t). Here, in contrast to the Lagrangian representation used in Sec. II, the Eulerian coordinates ζ used here are independent of time.
The extended guiding-center Hamiltonian in Eq. (30)
is expressed in terms of the guiding-center Hamiltonian H gc and the guiding-center energy coordinate w. The extended guiding-center Vlasov phase-space density
where F µ is defined in Eq. (11), ensures that the physical guiding-center motion in extended phase space takes places on the guiding-center energy surface H ≡ 0 so that Eq. (31) yields w = H gc . The extended guiding-center Vlasov phase-space density (32) yields the following integral identity
where G denotes an arbitrary function. The variation of the guiding-center Vlasov-Maxwell action functional (30) yields
where the Eulerian variations δH ≡ e δΦ * and
are expressed in terms of
with
In order to make these expressions explicit, however, we need to derive the guiding-center Poisson bracket { , } gc in extended guiding-center phase space. The first two terms on the right side of Eq. (35) appear as a result of the noncanonical nature of the guidingcenter formalism. In addition, we will show below [see Eq. (50)] that the second term on the right side of Eq. (35) is needed to ensure that the particle-number conservation law
is satisfied. We note that the last term on the right side of Eq. (35) represents the canonical component of the variation of the extended phase-space density F µ , which independently satisfies the constraint (39).
A. Guiding-center Poisson bracket
The guiding-center Poisson bracket { , } gc is derived from the extended guiding-center one-form [29] 
First, we derive the extended guiding-center Lagrange two-form
Since the determinant (eB * /c) 2 = 0 of the 6×6 Lagrange matrix constructed from the Lagrange two-form (41) does not vanish, the Lagrange matrix can be inverted to obtain the extended guiding-center Poisson matrix J αβ gc , from which we construct the extended guiding-center Poisson bracket {F, G} gc ≡ ∂ α F J αβ gc ∂ β G. The extended guiding-center Poisson bracket is, thus, constructed as
where we have defined the effective gradient
so that ∇ * H = e ∇Φ * + (e/c) ∂A * /∂t ≡ − e E * . With the extended guiding-center Poisson bracket (42), the guiding-center equations of motion (2)- (3) can be expressed in Hamiltonian form as
Hence, the "Lagrangian" velocities (44)-(45) are represented here as "Eulerian" functions. The guiding-center equations of motion for (w, t) are expressed in Hamiltonian form as d gc t/dt ≡ {t, H} gc = −∂H/∂w = 1 and
where we used ∇ * w = − (e/c) ∂A * /∂t. Equations (44)-(46) yield the energy conservation law d gc H/dt = 0.
The extended guiding-center Poisson bracket (42) can also be expressed in phase-space divergence form
This divergence form can thus be used to write
where d gc Z α /dt are given by Eqs. (44)-(46). Next, when Eq. (48) is integrated upon w, we obtain the divergence form of the guiding-center Vlasov equation (10):
where we used Eqs. (32) and (44)
-(45).
Lastly, we note that the variation (35) satisfies the particle-number constraint (39), since
where δZ α ≡ {δS, Z α } gc + (e/c) δA * · {X, Z α } gc and
where we used Eq. (38). Hence, δF µ is expressed as an exact phase-space divergence whose phase-space integral vanishes, which satisfies Eq. (39).
B. Guiding-center Lagrangian density
From the guiding-center Euler action functional (34), we extract the Euler guiding-center Lagrangian density
where any spatial dependence in the guiding-center Vlasov part is now evaluated at the space-time field point (x, t). The variation of the guiding-center Lagrangian density (51) yields
δF µ H + F µ e δΦ * dp dw, (52) where we used the expression
and the last term in Eq. (53) vanishes when integrated upon w through the identity (33). Using Eqs. (36) and (37), we find
where we used Eq (27) . Hence, Eq. (52) becomes
where H is defined by Eq. (25). Lastly, using Eqs. (28), (33) , and (42), we obtain the final form for the Eulerian variation of the guiding-center Lagrangian density:
* δS {F µ /B * , H} gc dp dw
where the space-time derivatives are expressed in terms of the Noether components
When the Eulerian variation (52) is inserted into the Euler action variation δA
where the Noether terms in Eq. (56) vanish upon spacetime integration. Stationarity with respect to the variations (δΦ, δA) yields the guiding-center Maxwell equations (12)- (13), while stationarity with respect to the variation δS yields the extended guiding-center Vlasov equation B * {F µ /B * , H} gc = 0, which becomes the phase-space divergence form (49) of the guiding-center Vlasov equation when integrated over w.
IV. GUIDING-CENTER NOETHER EQUATION
The Noether method plays an important role in deriving exact conservation laws from symmetries of the Lagrangian density [28, 30, 31] . Once the guiding-center Vlasov-Maxwell equations are inserted into Eq. (56), we obtain the guiding-center Noether equation
with the Noether components defined in Eqs. (57)-(58). The energy-momentum conservation laws are associated with Lagrangian symmetry under space-time translations, which are generated by the scalar field
where P ≡ (e/c) A * is the canonical guiding-center momentum appearing in Eq. (40). The variations (δΦ, δA) appearing in Eqs. (57)- (58), on the other hand, are expressed as
where the virtual gauge field δχ is defined as
These gauge terms are important in deriving a gaugeindependent guiding-center energy-momentum conservation laws. The explicit proofs of the guiding-center energy and momentum conservation laws are presented in Ref. [22] . Lastly, the guiding-center energy-momentum conservation laws are derived from the Noether equation (60) by considering the variation
where L M ≡ (|E| 2 − |B| 2 )/8π is the Maxwell Lagrangian density and the guiding-center Vlasov term does not appear in Eq. (64) because of the identity (33).
A. Guiding-center energy conservation law
By considering an infinitesimal time translation δt, the Noether equation (60) yields the primitive energy conservation law 0 = ∂ ∂t Σ µ w F µ dp dw + 1 8π
where the Φ-terms are associated with the virtual gauge term (63): Φ ≡ − c −1 δχ/δt. First, we write
and
so that, when combining Eqs. (66)- (67), and using the guiding-center Maxwell equations (12)- (13), we obtain
Hence, by combining Eqs. (66)- (67) into Eq. (65), we obtain the guiding-center energy conservation law
where the guiding-center energy density E gc and the guiding-center energy-density flux S gc are defined as
We note here that the guiding-center magnetization (including its polarization contribution) does not appear in the guiding-center energy density (69) but only in the guiding-center energy-density flux (70).
B. Guiding-center momentum and angular momentum conservation laws
By considering an infinitesimal spatial translation δx, the Noether equation (60) yields the primitive momentum conservation law
where the A-terms are associated with the virtual gauge term (63): A ≡ δχ/δx. First, we use Eqs. (12)-(13) to obtain
A Σ µ F µ dp , and
which yield gauge cancellations in Eq. (71), so that Eq. (71) becomes
Next, by using the definition (15) for the guiding-center magnetization, we obtain the relation
where (d gc X/dt) ⊥ denotes the perpendicular guidingcenter drift velocity. Hence, Eq. (74) becomes the guiding-center momentum conservation law
where the guiding-center momentum density P gc is defined as
and the guiding-center stress tensor T gc ≡ T M + T gcV is defined as the sum of the symmetric Maxwell tensor
and the symmetric guiding-center Vlasov stress tensor
with nonvanishing off-diagonal components, where d gc X/dt has been decomposed in terms of parallel and perpendicular components. We note that the symmetry of the guiding-center Vlasov stress tensor (79) is an explicit consequence of the polarization contribution to the guiding-center magnetization used to derive the relation (75). In addition, we note that the guiding-center Vlasov stress tensor (79) includes the CGL pressure tensor
We also note that the explicit symmetry of the guidingcenter stress tensor T gc is in contrast to the standard expressions found in previous works [25] , where the symmetry is only implicitly assumed. The explicit proof of the guiding-center momentum conservation law (76), which proceeds by calculating ∂P gc /∂t and then showing that ∂P gc /∂t ≡ − ∇ · T gc , is presented in Ref. [22] . The toroidal angular momentum conservation law for the guiding-center Vlasov-Maxwell equations can also be derived either directly from the guiding-center momentum conservation law (76) or from the guiding-center Noether equation (60) with δx ≡ δϕ ∂x/∂ϕ. We begin with Eq. (76) and, taking the dot product with ∂x/∂ϕ, we obtain the guiding-center toroidal angular momentum conservation law
where P gcϕ ≡ P gc · ∂x/∂ϕ denotes toroidal covariant component of the guiding-center momentum density (77) and the right side vanishes since the guiding-center stress tensor T gc is symmetric, i.e., T gc ≡ T gc , while the dyadic tensor ∇(∂x/∂ϕ) is antisymmetric. While the guidingcenter stress tensor T gc was previously only assumed to be symmetric (e.g., see Ref. [25] ), the direct proof of Eq. (81) in the present work relies on the explicit symmetry of guiding-center Vlasov stress tensor (79). Lastly, we consider the special case of an axisymmetric magnetic field B ≡ ∇ϕ × ∇ψ + B ϕ (ψ) ∇ϕ (where ψ denotes the magnetic flux, respectively). In Ref. [22] , it is shown that, through a series of cancellations, Eq. (81) can be transformed into the guiding-center toroidal canonical angular-momentum conservation law
where P ϕ ≡ (e/c) A * · ∂x/∂ϕ denotes the single-particle guiding-center toroidal canonical angular momentum. Here, we note that Eq. 
V. EULER-POINCARÉ VARIATIONAL PRINCIPLE
In this last Section, we present the Euler-Poincaré variational principle for the guiding-center Vlasov-Maxwell equations derived from the Lagrange variational principle (19) . The Euler-Poincaré approach is based on a reduction process [32] that exploits the geometric relation between Lagrangian and Eulerian variables to take a Lagrange variational principle into another one (here called "Euler-Poincaré variational principle") that is entirely expressed in terms of Eulerian variables. This approach was first developed in plasma kinetic theory by Cendra et al. [33] . Recently, this has been used in Refs. [34, 35] to formulate new quasi-neutral kinetic models. Its adaptation to gyrocenter theories is found in Ref. [36] .
A. Eulerian and Lagrangian representations
We now briefly review the connection between the Lagrangian and Eulerian representations of guiding-center phase-space dynamics [32] . First, we denote the Lagrangian path z(t; z 0 ) in terms of an orbit generated the Lie-group action of a left translation g t : z(t; z 0 ) ≡ g t (z 0 ) and (g t ) −1 ≡ g −t so that the group action is reversible
Here, the Lie group is given by smooth invertible one-parameter transformations from phase-space to itself, while the corresponding group operation is denoted by •, as it coincides with the usual composition of functions. Notice that we are not enforcing these transformations to be canonical: as we shall see, we can recover this property a posteriori.
Next, we calculate the Lagrangian velocity ∂z/∂t = (dg t /dt)(z 0 ) ≡ġ t (z 0 ), which is expressed in terms of the Lagrangian position z as
. (83) In order to take Eq. (19) into its Euler-Poincaré form, it is customary to introduce an Eulerian phase-space "velocity" field Ξ a (ζ, t; µ) at the Eulerian position ζ = (X, p ):
where the µ-dependence has been omitted for convenience. We also introduce the Eulerian guiding-center Vlasov phase-space density F µ (ζ, t) by a push-forward operation T
, so that its evaluation along a Lagrangian path yields:
With these definitions, the guiding-center Lagrange functional associated to the action (19) is defined in the following Euler-Poincaré form, where
where H gc (ζ) = p 2 /2m + e Φ * (X, µ) and the explicit dependence on time has been omitted for convenience. In the Euler-Poincaré Lagrangian (86), the variational fields are the guiding-center Vlasov-Maxwell fields (F µ , Φ, A, E, B), as well as the Eulerian velocities Ξ a defined in Eq. (84).
B. Euler-Poincaré variations
We now show how the guiding-center Euler-Poincaré variational principle δ t2 t1 L EP gc dt ≡ 0 can be used to derive the guiding-center Vlasov-Maxwell equations in Eulerian form as follows.
In accordance with the Euler-Poincaré formalism [33] , the Eulerian variations (δF µ , δΞ a ) of the guiding-center phase-space fields (F µ , Ξ a ) are generated by the (Eulerian) virtual displacements in guiding-center phase space. First, we introduce a Lagrangian-path perturbation Liegroup action generated by the left translation g , such that the perturbed Lagrangian path is z ≡ g (z 0 ). Notice that g is obtained by deforming the whole path g t and, therefore, the new translation retains its time dependence (so that g 0 (z 0 ) = g t (z 0 ) = z), although, here, we avoid the notation g t for convenience.
, according to a definition analogous to Eq. (83). Hence, in order to calculate the Eulerian variation δΞ of Eq. (84), we define the Lagrangian-path variation as δz ≡ (∂ z/∂ ) =0 = g (z) =0 , which can be expressed in Eulerian form as
The Eulerian variation of F µ is, thus, expressed as
which follows from the fact that the Vlasov phase-space density F µ must satisfy the particle-number conservation law (85). The Eulerian variation of Eq. (84) is now defined as δΞ
, which is written in component form as
We note that the variations (89) follow from the relation (84), which coincide with the standard EulerPoincaré form [33] for the variation of vector fields by Lie-transform method. We also note that taking the time derivative of Eq. (85) yields
which has a form similar to Eq. (88).
C. Euler-Poincaré equations
Upon introducing the Eulerian canonical momentum P = (e/c)A * (X, p , t), the variation of the guiding-center Euler-Poincaré Lagrangian (86) yields the expression
where δP = (e/c) δA + p δB · ∂ b/∂B. Upon recalling the definition (25), Eq. (91) can be expressed in terms of the potential variations (δΦ, δA) as
e F µ dp (92)
so that stationarity with respect to the potential variations (δΦ, δA) yields the guiding-center Maxwell equations (12)- (13), respectively. The remaining terms in the variation of the guidingcenter Euler-Poincaré Lagrangian (92) are
where δF µ and δU are given by Eqs. 
which are the Eulerian analogs of the guiding-center equations of motion (2)-(3).
D. Noether theorem and the symplectic form
Lagrange action functional (19) , the guiding-center Euler action functional (30) , and the guiding-center EulerPoincaré action functional (86). Each guiding-center variational principle δA gc = 0, which yields its own version of the guiding-center Vlasov-Maxwell equations, included a self-consistent derivation of the guiding-center magnetization (15) , expressed in terms of its intrinsic magnetic-dipole and moving electric-dipole contributions (16)- (17), respectively, as shown in Eqs. (27) , (54), or (91). Here, the moving electric-dipole contribution (17) is expressed in terms of the guiding-center polarization [17, 18] , which involves the perpendicular magnetic-drift velocity.
One of the great advantages of a variational formulation of the guiding-center Vlasov-Maxwell equations is that their exact conservation laws can be derived directly by Noether method. In Sec. IV, we used the guidingcenter Noether equation (60) to derive the guiding-center energy-momentum conservation laws as well as the conservation law of guiding-center toroidal canonical angular momentum derived for axisymmetric tokamak geometry. In each guiding-center conservation law, we showed the crucial played by the complete form of guiding-center magnetization (15) . We also showed that, thanks to the contribution of the guiding-center polarization (17) , the guiding-center Vlasov stress tensor (79) was explicitly shown to be symmetric, as required by the conservation of guiding-center canonical angular momentum. In contrast, previous works [25] have only implicitly assumed the symmetry of the guiding-center stress tensor, based on the requirements of the conservation of guiding-center canonical angular momentum.
Lastly, future work will involve the construction of a guiding-center Hamiltonian field theory based on the explicit construction of the guiding-center functional bracket [ , ] 
